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CONVECTIVE DIFFUSION OF SALTS IN A RADIAL FLOW OF GROUNDWATER
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This type of motion occurs, for example, when industrial effluent

Q

is pumped into aquifers via boreholes. The results for these may
sometimes be extended to infiltration from sumps, storage tanks, and
so on.

This moticn is described by the differential equation
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Here C is the salt concentration at a point r at time t, V is.the:
filtration rate, n is the porosity of the rock, and D is diffusion coef~
ficient.

Recent studies [1,2] have shown that D is substantially dependent
on V and on the properties of the rock and liquid, so it may be taken
as a parameter characterizing the properties of the salt solution to-
gether with the hydrodynamic features of the rock. It is therefore
called the coefficient of infiltration diffusion; numerical values are

best found from field and laboratory tests under convective conditions,

The V for the quasi-steady state is given by

Qu )
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in which Q; is the flow rate, h is the thickness of the aquifer, and r
is radius.
We introduce the function C° = C ~ Cg, in which Cy is the salt
concentration in the aquifer at t = 0. Then (1) and (2) give
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Equation (3) is usually solved subject to a condition of the first
kind at r = rg (ry being the radius of the borehole), namely C°=C =

= constant [2, 9, 10]; but this condition far from always applies. Rather,

a condition of the third kind [3] applies to the interaction of the in-
coming flow with the groundwater, which is characterized by con-
stancy of the salt flux Qg:

o
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t >0, r=ry, ZnhDrha;«——- Q,C° =~ Qg =const,

Qs= chk' ’ 4

in which Cg’ = Cy — Cy, Ck being the salt concentration in the water
pumped into the borehole.
We apply (4) to an unbounded region, i,e., we put

8C° ) (5)

=0

t >0, r— 00,

which enables us to solve (3) as follows.

We apply the Laplace transformation
o0

co(r,t)+T(r, p) =§ Co(r,x)-e Pidr .
H
Then (3) is replaced by the ordinary differential equation

s
7y a-mr—pr=0  B=(F), ©

whose solution subject to (5) is [4]

T = ArK, (8r) | Q)

in which K, is McDonald's symbol and A is a constant relative to 1.
Condition (4) is transformed to

re=ro 2RDFT — QT = — —P—s . (8)

which is substituted into (7); A is determined. which gives us

_ Qer v,Kv (Br)
T pry’ [2ahDroBE,_, (Bro) + QuK, (Bro)l’

(9

The Riemann-Mellin formula takes us from the transform to the
original, but the result is cumbersome. A ‘solution more convenient
for practical use is obtained if we note that the argument of the func-
tions in the denominator of (9) is small, since ryis small relative to
the entire {pfiltration region, and we can dssume for t large that
Bro <« 1. In that case the following approximate expressions [4] apply

K Eas o)

U R 2 \1
K G5 T o= (5 (10

in which T represents the gammsa, function, This is substituted into
(9) to give
Qs (rBY°K, (Br)
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Tabulated relations [5] give us the original, the solution being

€= Cot ol — Falh )= Fa(hy v, B,

(x_ 5 (12)
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Fa(h, v, B)= =B {7 Teta, 14
21:)—p(v)expx € ,  (14)
A
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Fy(A,v)y =1 for:t=0,
A= o0, A=0, Fi (A, v) =0 for = oo .

Expression (13) is the normalized incomplete gamma function,
which has been tabulated in detail for wide ranges of the parameters
A and v [6].

The Fo()\, v, B) of (14) is* given by the following formula, which
is useful in calculations (v is equal to an integer):

Y B v—k—1)!
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Fy(h, v, B) = I‘(v) 7l (A—F1(h,v—Fk)+

Bk v—k
S ficas — Frp, (0] (5)
k=v
in which E (M) is the integral-exponential function [7].
We use Laplace's method of estimating the integral for large
values of the parameter [8], which gives us an asymptotic formula

for Fy for B large and A < B, v < B:
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* Expressions (15)=(17) were derived by V. 1. Pagurova.
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(v+2;'n—3 _1)

Gy = May, —(m—2)(m +v—2) May, o,
(16)
m==3,4,5,... (cont'd)

There is a recurrence relation with respect to »:
-Ag¥-1
e A
Fq(A, v, B):—ia—(—v—)— —
— B
B=nw=g f1hv=2, B)+ F3(A,v—1, B),

Fav,B)=0 (=0, A=), (t= o0, k=0)(1D0

The figure shows Fa(, v, B) for some values of A, v, and B.
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The solution is [9] as follows when C,, (salt concentration at the
contour of the well) is constant

Ct)=C+ (C,—C) 1 — Fi (v, W], (18)

in which Fy(v. A) is given by (13).

Comparison of (12) and (18) shows that the convective transport
in the initial period, when the salt flow rate in the borehole is con-
stant, is characterized by a broader dispersal zone than when the con-
centration is constant.
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